In this paper we present a comprehensive study of topological magnon bands and thermal Hall effect in non-collinear antiferromagnetic systems on the honeycomb lattice with an intrinsic Dzyaloshinskii-Moriya interaction. We theoretically show that the system possesses topological magnon bands with Chern number protected edge modes accompanied by a nonzero thermal magnon Hall effect. These features result from non-collinearity of the magnetic moments due to an applied out-of-plane magnetic field. Our results provide an experimental clue towards the realization of topological magnon transports in honeycomb antiferromagnetic compounds such as XPS3 (X=Mn,Fe) and α-Cu2V2O7.
I. INTRODUCTION
Topological magnon bands and thermal magnon Hall effect have been realized in the insulating quantum ferromagnets Cu(1-3, bdc) [1, 2] . Previously, thermal magnon Hall effect was realized experimentally in pyrochlore ferromagnets Lu 2 V 2 O 7 , Ho 2 V 2 O 7 , In 2 Mn 2 O 7 [3, 4] following a theoretical proposal [5, 6] . These materials are believed to be useful in future technological applications such as magnon spintronics. It is generally believed that thermal magnon Hall effect results from the nontrivial topology of magnon dispersions [5] [6] [7] [8] [9] [10] [11] encoded in the Berry curvature induced by the Dzyaloshinskii-Moriya interaction (DMI) [12, 13] , which plays the role of spinorbit coupling (SOC). In insulating quantum magnets the DMI is an intrinsic anisotropy and it is present due to lack of inversion symmetry of the lattice. For honeycomb magnets, the midpoint between two magnetic ions on the next-nearest-neighbour (NNN) bonds is not an inversion center. Thus, a DMI is allowed on the honeycomb lattice and a magnon analogue of the Haldane model [14] can be realized in honeycomb ferromagnets [15] . The ferromagnetic Haldane magnon insulator also exhibits thermal magnon Hall effect [16] as well as spin Nernst effect [17, 18] .
However, there are various antiferromagnetic materials with a honeycomb structure such as XPS 3 (X=Mn,Fe) [19] [20] [21] [22] and α-Cu 2 V 2 O 7 [23] [24] [25] . The ferromagnetic ones are rarely found. Therefore, it is very important to generalize the study of thermal magnon Hall effect to antiferromagnets (AFMs). The antiferromagnetic systems differ from the ferromagnetic ones in various ways. The former exhibit linear Goldstone magnon modes resulting from the spontaneous breaking of rotational symmetry. For bipartite antiferromagnets (such as the honeycomb lattice) the magnon dispersions of the collinear Néel order are doubly degenerate between the S z = ±S sectors. The degeneracy is provided by a combination of time-reversal (T ) symmetry and lattice translation T a . This gives an analogue of Kramers theorem. The collinear antiferromagnetic systems also have a zero net magnetization (M).
Motivated by the active theoretical and experimental studies of topological magnon transports, we provide a theoretical evidence of non-vanishing thermal magnon Hall effect in non-collinear (canted) antiferromagnetic system on the honeycomb lattice accompanied by topological magnon bands with Chern number protected edge modes. In contrast to ferromagnets [15, 16, 18] , the thermal Hall response in honeycomb antiferromagnets is not induce by the DMI alone, but requires an external magnetic field applied perpendicular to the magnet, which results in a non-collinearity of the magnetic moments with a finite net magnetization along the field direction. This inevitably leads to topological magnon bands with Chern number protected magnon edge modes. We note that the magnetic field can also induce non-collinear Néel order in frustrated honeycomb antiferromagnets such as the spin-(3/2) honeycomb antiferromagnetic compound Bi 3 Mn 4 O 12 (NO 3 ) [26] [27] [28] [29] [30] [31] . Hence, we expect our results to be applicable to a wide range of frustrated antiferromagnets on the honeycomb lattice. We believe that these results will inspire an experimental search for topological magnon bands and thermal Hall effect in honeycomb antiferromagnetic compounds.
II. MODEL
We consider the antiferromagnetic quantum spin Hamiltonian on the honeycomb lattice given by
where J > 0 is a nearest-neighbour antiferromagnetic interaction, D ij = ν ij D is a staggered DMI vector between sites i and j, allowed by the NNN triangular plaquettes on the honeycomb lattice and ν ij = ±1 on sublattice A and B of the honeycomb lattice as shown in Fig. (1) with different colors similar to the Haldane model [14] . The last term B = Bẑ is the Zeeman interaction pointing along the z-axis in units of gµ B . According to the Moriya rules [13] , an out-of-plane DMI (D ij = ν ij Dẑ) is allowed due to lack of inversion center at the midpoint between arXiv:1608.00545v12 [cond-mat.mes-hall] 8 Jun 2017
the NNN bonds as shown in Fig. 1 . In this study, we will consider spin-1/2 and set J = 1 as the unit of energy.
III. MAGNON BANDS OF COLLINEAR NÉEL ORDER
Let us start with the zero magnetic field (B = 0) Hamiltonian given by
At low temperatures, the ground state of (2) is a collinear Néel order with the classical energy
where N is the total number of sites. The DMI does not contribute to the classical energy as it does not play any role in the stability of the collinear Néel order at B = 0. At low temperatures only few magnons are thermally excited. In this regime, the linearized Holstein Primakoff (HP) transformation [35] is valid. At zero magnetic field a staggered magnetization M st due to the Néel order can develop in any direction. However, since the DMI points out-of-plane chosen as the z-axis, it is natural to assume that M st D and employ the HP transformations
where c † i,A(B) (c i,A(B) ) are the bosonic creation (annihilation) operators and the upper and lower signs apply to sublattice A and B of the honeycomb lattice. Implementing the linear transformation above and Fourier transforming c i,
, we arrive at the momentum space Hamiltonian given by
The basis vector is (c † kA , c −kB , c −kA , c † kB ), where
I 0 = 3 and with
The Hamiltonian (7) is block diagonal and each copy corresponds to ferromagnetic Haldane magnon insulator [15, 16] . However, due to the k and −k quasiparticles, we have to diagonalize H kI(II) = ±σ z H kI(II) , where ± applies to I(II). The degenerate eigenvalues between S z = ±S sectors are given by
which reflects the presence of an "effective" time-reversal symmetry given by T T a . The magnon dispersion is also asymmetric since kI(II) = −kI (II) . Figure ( 2) shows the magnon dispersion and the corresponding dispersion for a strip geometry. There is a single edge mode that does not contribute to the magnon bulk dispersion, which connects states at ±K = (±4π/3 √ 3, 0) on the Brillouin zone. As we will show later this system is not topological in the sense that the Chern number vanishes.
IV. MAGNON BANDS OF NONCOLLINEAR NÉEL ORDER
In the presence of an external magnetic field the Néel order is no longer collinear but cant in the direction of the field. In the classical limit the spin operators can be approximated as classical vectors, written as S i = Sn i , where n i = (cos χ cos θ i , cos χ sin θ i , sin χ), is a unit vector and θ i = θ A(B) labels the spin oriented angles on each sublattice with θ A(B) = 0(π), and χ is the fieldinduced canting angle. The classical energy is given by
Minimizing the classical energy yields the canting angle sin χ = B/B s with B s = 6JS. For the magnetic excitations above the classical ground state, we have to redefine the geometry of the system such that the Néel order is on the x-y plane at zero magnetic field and cant slightly along the z-axis at finite magnetic field. Therefore, we have to rotate the coordinate axes such that the z-axis coincides with the local direction of the classical polarization [28, 36] . The appropriate rotation on the two sublattices is given by
where the primes denote the rotated coordinate and ± applies to sublattices A and B respectively. The rotated Hamiltonian takes the form
We have dropped terms that would give magnon-magnon interaction as they will not contribute to the lowtemperature physics. In the basis vector
, the momentum space Hamiltonian is given by
where E 0 is a constant and v χ = sin 2 χ. The momentum space Hamiltonian is
The rotated mass is
Hamiltonian is diagonalized by the generalized Bogoliubov transformation
where
where u k , v k are N × N matrices that satisfy
where I N ×N is N × N identity matrix. The matrix U k is paraunitary, it satisfies the relation U † k ηU k = η, with η = diag (I N ×N , −I N ×N ) . Using the fact that U † k = ηU 
Hence, the problem of finding the matrix U k is equivalent to diagonalizing the Hamiltonian H k = ηH k whose eigenvalues are ηE k and the columns of U k are the corresponding eigenvectors. The magnon bands are given by
Evidently, a finite magnetic field breaks the degeneracy between the S z = ±S Néel states and a uniform net magnetization is also induced along the field direction, i.e., M z = i;α=A,B S z i,α = 0 from Eq. 15. The magnon dispersions are shown in Fig. (3) . The right column of Fig. (3) shows the dispersion for a strip geometry, which clearly shows gapless magnon edge modes. This reflects a noncollinear antiferromagnetic topological Haldane magnon insulator with nonzero Chern numbers (see the next sections). Near k = Γ the lowest energy dispersion is
In the non-collinear (canted) antiferromagnetic phase v χ is small, Eq. 26 becomes a linear Goldstone mode. Near the collinear ferromagnetic phase v χ is close to unity and Eq. 26 becomes a quadratic Goldstone mode. These differences will show up later in the thermal Hall conductivity at low temperatures.
The Dirac magnon energy gap is given by
The components of the magnetic moments perpendicular to the field in Fig. 1 form a Néel order with vanishing magnetization M x = i;α=A,B S x i,α = 0. The resolution of the DMI along this direction gives H DM = D cos χ i,j ẑ · S i × S j , which also points perpendicular to the bonds as expected. The corresponding momentum space Hamiltonian and magnon bands are given by
It is evident that Eq. 29 recovers Eq. 11 at zero magnetic field v χ = 0. The lowest energy dispersion of (29) also has a linear Goldstone mode near k = Γ for small v χ . However, near k = K we get
The Dirac magnon gap between the top and bottom bands vanishes ∆ k→K = 0. The absence of gap Dirac dispersion at k = K shows that the components of the magnetic moments perpendicular to the field do not form an antiferromagnetic topological magnon insulator.
V. BERRY CURVATURE AND HALL RESPONSE
The basic idea of a nontrivial topological system is that the Berry curvature is finite and the corresponding Chern number takes integer values. This idea also applies to insulating quantum magnets although the excitations are bosonic quasiparticles. The Berry curvature is defined using the eigenstates of the system. In the present model the eigenstates are encoded in the paraunitary operator U k that diagonalizes the spin wave Hamiltonian. Hence, the Berry curvature can be written as
where α labels the components. Using the relation between U kα and ηH k as shown above, the Berry curvature can be written alternatively as
where v i = ∂[ηH k ]/∂k i defines the velocity operators. The Chern number is given by
In electronic system an electric field E induces a charge current J e , and the Berry curvature acts as an effective magnetic field giving rise to quantum anomalous Hall effect. For insulating quantum magnets the bosonic excitations are charge-neutral, which do not feel a Lorentz force. However, a temperature gradient −∇T can induce a heat current J Q , and the Berry curvature also acts as an effective magnetic field giving rise to a non-quantized thermal magnon Hall effect. From linear response theory, one obtains J α Q = − β κ αβ ∇ β T , where κ αβ is the thermal conductivity and α, β label the components. The transverse component κ xy is associated with thermal Hall conductivity given explicitly in Ref. [10] , which has the form
where V is the volume of the system.
is the Bose function, k B is the Boltzmann constant, T is the temperature.
and Li 2 (x) is a dilogarithm.
A. Collinear Néel order
At zero magnetic field the Hamiltonian is block diagonal. To obtain the eigenvectors, we solve the eigenvalue equation, H kI(II)Ũ k = kI(II)Ũk , whereŨ k is the eigenvector corresponding to the positive eigenvalue kI , which is given by the second column of U k , i.e.,
and ω k = I 2 0 − |f k | 2 . The Berry curvature for both energy branches from Eq. 31 with η = σ z , is given by
where the term ∂ ki v k ∂ kj v * k is real and i, j = {x, y}. Differentiating Eq. 39 yields
Hence, the Berry curvature is independent of the DMI and it is equivalent to that of honeycomb antiferromagnet without DMI [42] . Although the Berry curvature is nonzero, the Chern number C α vanishes at zero magnetic field due to T T a -symmetry. Another property of this system is that thermal spin Hall response also vanishes at zero magnetic field as we now discuss. At zero magnetic field the diagonal magnon dispersion comprises kα and −kα , therefore we have to add the two contributions in Eq. (34) as they are not equal to each other. The contribution from the DMI cancels out and the resulting transverse thermal Hall conductivity vanishes, κ xy = 0. The vanishing Hall response in collinear antiferromagnets is due to T T a -symmetry, which gives an analog of Kramers degeneracy, but thermal spin Nernst response persists [32, 33] . This is analogous to the vanishing of quantum anomalous Hall conductivity in Kane-Mele model [34] . This result can also be understood by means of zero net magnetization of collinear antiferromagnets.
B. Noncollinear Néel order
Recent experiments have observed thermal magnon Hall effect [1, 3, 4] and topological magnons [2] in ferromagnets.
Thus, the realization of topological magnons and thermal magnon Hall effect in honeycomb (anti)ferromagnets will be of interest in quantum magnetism. Here, we show that thermal magnon Hall effect does not vanish in non-collinear honeycomb antiferrmomagnets. A nonzero magnetic field can induce a uniform net magnetization along the field direction and a staggered magnetization along perpendicular to the field direction. As shown above the former form a non-collinear antiferromagnetic Haldane magnon insulator characterized by a Chern number of C ± = ±1 for the upper and lower magnon bands. The latter, however, is not topological because the Berry curvature (32) vanishes by symmetry. Therefore, we expect that thermal magnon Hall effect is defined only in the former case. Unfortunately, explicit analytical calculations are very tedious, so we will resort to numerical integration in this section. We first compute the average sublattice magnetization, given by [38] 
where = 1, 2 for the sublattice i = A, B respectively. Figure (4) shows the dependence of the ground state field-induced average magnetization as function of the DMI and the magnetic field respectively. In the canted non-collinear antiferromagnetic phase an increase in DMI leads to a decrease in the magnetization. Although the DMI is an intrinsic property of quantum magnetic materials, different materials have different DMI therefore the average magnetization will be different. The magnetic field has an opposite effect on the average magnetization. Starting from the collinear AFM with zero average magnetization the magnetic field increases the average magnetization to a maximum classical value S = 0.5 at the saturation field, which is spontaneously formed in collinear FMs.
In real materials, a finite Hall effect (thermal or quantum anomalous) is usually assumed to be proportional to its magnetization, although no explicit relationship has been established. We therefore expect the present canted antiferromagnetic model to possess a finite thermal Hall effect. Plotted in Fig. 5 is the thermal spin Hall conductivity as function of the temperature and the magnetic field. The temperature dependence of κ xy in the canted phase is not linear in the log-log plot, and thus does not show a power law unlike in ferromagnets. The field dependence of κ xy shows a phase transition from canted antiferromagnetic Haldane magnon insulator to collinear ferromagnetic Haldane magnon insulator. Starting from B = 0 the collinear Néel order cant in the direction of the field, but at a certain critical field B c ∼ 0.4B s at T = 0.75J the conductivity function κ xy changes abruptly, which indicates a change of magnetic ordering as the system transits to a collinear ferromagnetic insulator as shown in Fig. 5 (right) . Such transition is expected because at low temperatures only the states at k = Γ have the maximum contribution to κ xy due to the Bose function (35) . But the spin wave spectrum near k = Γ is different for AFM and FM as shown in Eq. 26. Therefore the low-temperature dependence on κ xy should be different. The complete picture of thermal magnon Hall effect in bipartite honeycomb lattice is shown in Fig. 6 . In collinear FMs, thermal magnon Hall effect is induced by the DMI. It should not require a magnetic field, but in some ferromagnetic materials the spin polarization is not along the direction of the out-ofplane DMI and a small Zeeman field might be needed to align the spins [1, 2] . Besides, a spontaneous magnetization is developed in FMs in the absence of magnetic field. In collinear AFMs the Hall response vanishes due to symmetry as well as the zero net magnetization. A magnetic-field-induced canted non-collinear AFM has finite Hall response provided the DMI is present. We note that this result applies only to unfrustrated magnets. In frustrated magnets, thermal magnon Hall effect can be nonzero in the non-collinear regime even in the absence of the DMI [42] [43] [44] .
VI. CONCLUSION
We have presented a complete investigation of topological magnon bands and thermal magnon Hall effect in antiferromagnetic systems on the honeycomb lattice. In contrast to collinear ferromagnets with spontaneous magnetization and DMI-induced Hall response, collinear antiferromagnets have vanishing thermal Hall response due to time-reversal symmetry combined with lattice translation, which leads to doubly degenerate magnon dispersions with vanishing net magnetization. We have shown that a finite thermal Hall response persists in bipartite honeycomb antiferromagnetic compounds due to non-collinearity of the magnetic moments induced by an applied magnetic field. The magnetic field not only induces a finite net magnetic moment, but also breaks the degeneracy of the magnon dispersions and leads to a non-collinear antiferromagnetic Haldane magnon insulator. We note that non-collinear magnetic order can also occur in easy-axis antiferromagnets in a transverse in-plane magnetic field and easy-plane antiferromagnets in a longitudinal out-of-plane magnetic field. These results have not been reported in the previous studies and therefore they provide an important experimental clue towards the realization of topological magnon properties in honeycomb antiferromagnetic materials. As mentioned in the Introduction there are several honeycomb antiferromagnetic materials which are potential candidates to confirm these results. The field-induced non-colllinear Néel order is also present in frustrated honeycomb antiferromagnets [26, 28] -an indication that the present results might be applicable to a wide range of honeycomb antiferromagnetic compounds. We note that the antiferromagnetic compounds MnF 2 , FeF 2 , and CoO [39] [40] [41] also have two-sublattice Néel order on a 3D cubic crystal structure. On any 2D surface (say k x and k y ) of these 3D magnetic structures the magnon bands are similar to Eq. 25 above. Therefore, it is possible that the results of this paper could be verified in these 3D crystals as well if a DMI is present.
